We analyze here the keys of the original approach about the twofold cost: the return to the asexuality starting with a mutant female, with the same reproductive capacity than a sexual one, and with double genetic-reproductive success. We propose a new approach in which 1) all individuals in a population have regulatory mechanisms of reproductive mode, and when such change occurs, it happens in all its population at the same time; 2) after a change of reproductive mode in the population there can be variations in average offspring per female, according to the environmental quality; and 3) the genetic-reproductive success of the males and its unequal paternity success are accounted for. Results: The most advantageous reproductive strategy depends on the demographic situation of the population and the degree of the unequal paternity success of males. For harem values observed in nature and in populations with moderate growth rate, stable or decreasing population, the sexual strategy is advantageous. If the population growth rate is high, the asexual strategy is advantageous. In species subject to high demographic fluctuations the best strategy depends on the ability to predict the time of occurrence of the population bottleneck: if predictable, the best strategy is the alternation of generations, if not, permanent parthenogenesis.
The Double Cost of the Sexual Strategy
The fact that sexual reproduction is used by the vast majority of eukaryotic species could be considered strong evidence that it is a very effective reproductive method. However, this would not appear to be so due to the high costs involved, including the time and energy needed to find a partner and mate, the extra length of meiosis, the possibility of contracting sexually-transmitted diseases, added to the fact that randomly mixing your own genes
Mutation as a Mechanism for Returning to Asexuality
Is it correct to assume that sexuality may appear by mutation in a single individual? We know that asexuality is the ancestral strategy in the history of life on earth, that sex appeared in unicellular eukaryotes associated to some advantage of syngamy (e.g. [17] ) and, with the appearance of multicellular beings, isogamic sex gave way to anisogamic sex, also due to some associated advantage (e.g. [18] ). It therefore seems unlikely that asexuality-a throwback to the past-can offer any advantage to current organisms with sexual reproduction. If this is indeed the case-and given that asexuality is the ancestral condition-it seems logical that the return to asexuality should occur in a facultative manner by silencing or activating certain genes, perhaps in response to certain signs of change in the environment. In fact nowadays, species with an alternation of generations continually change their reproductive mode in response to control systems, rather than depending on the fortuitous occurrence of a mutation. It is, therefore, not surprising that many authors believe these species provide an ideal opportunity for testing hypotheses on the maintenance of sex [19] .
Once we have rejected the mutational approach as a mechanism for reverting to asexuality, we should now ask ourselves whether reproductive change occurs simultaneously in a population. In the case of a parthenogenetic population reaching its maximum, and facing a habitat with limited resources, the benefits of switching to sexual reproduction, whatever they are, will only be possible if all asexual females produce sexual offspring. Otherwise, evidently, the only females a male could fecundate would be his sisters. If, however, the environmental conditions indicate that asexual reproduction is more advantageous, the population growth rate of the lineage that persists in using sexual reproduction will be half that of the rest of the population. As we can see, the benefits and costs conferred on an individual by each alternative will depend on the choice of the rest of the Figure 1 . Traditional scheme used to show the twofold cost of sex. While a parthenogenetic female transmits all her genes to her offspring (left), a sexual female transmits only 50% on average (right). Furthermore an asexual population grows at twice the rate of the sexual, because in the latter the males do not contribute to producing offspring. population. Therefore, the choice of the best reproductive strategy is an example of an Evolutionarily Stable Strategy (ESS) [20] [21] .
A correct approach to calculating sexual and asexual reproductive success should therefore consider that all individuals in a population should have mechanisms regulating their reproductive strategy, and that when this change occurs, it does so in the whole population at the same time.
Changes in the Number of Offspring Due to the Change in the Reproductive Strategy
Obviously the number of offspring is a key factor for determining the most effective reproductive strategy, as mentioned by Williams himself in his original proposal: "Unless something causes a difference in the numbers of offspring..." ([3] , p. 8). However, an approach in which changes in reproductive strategy occur in unison in the entire population can have drastic effects on the average offspring per female.
In nature, resources are limited in most situations and most of the time, resulting in a direct relationship between density and number of offspring (e.g. [22] ). The relationship between rich habitats and fertility can be seen on both large and small scales: on a large scale, from the fact that in widespread species of both birds and mammals, the largest clutch sizes and litters occur at high latitudes (e.g. [23] ); and on a small scale, in the relationship between clutch size in birds and the abundance of their prey (e.g. [24] ). Density dependence is seen, for example, in bird studies over long periods of time, where clutch size decreases in years with a high density of couples in breeding periods (e.g. [24] ). In the case of populations in balance, the average number of offspring per female in an asexual population is one individual, whereas in a sexual population the average is two. Therefore the average offspring per female in a population in balance that changes its mode of reproduction is reduced by half when changing from sexual to asexual reproduction, or doubled for the reverse. Upon completion of the change in reproductive strategy, the average offspring once again stabilizes-at one in asexual and at two in sexual populations (Figure 2) . In nature there is no possibility of checking this phenomenon as we describe it, but we can conduct studies in asexual and sexual lineages within the same species or taxa that are very close phylogenetically and have different types of reproduction, and compare the number of offspring per female in each case. The following two studies conducted with Daphnia pulex are particularly relevant. In the study by Wolinska & Lively [25] the optimal reproductive strategy depends on the field conditions in which experiments were developed, with the asexual strategy being better in rich habitats ("at the beginning of the season, when resource competition is low"), and the sexual strategy in poor habitats ("when conditions deteriorate as the population approaches carrying capacity"). In the study by Innes et al. [26] the fecundity of the sexual female was 75% higher than the asexual female in high-density conditions.
Would the same be true in virgin habitats? Obviously not, because in habitats with unlimited resources individuals do not compete for them, and all females-regardless of their density-will have the highest fertility for their species. We should therefore see the same fertility in sexual and asexual females in experiments with unlimited resources. This is the case, for instance, in experiments with the scolytid insect Ips acuminatus [27] , stick insects [28] , the fish genus Poecilia [29] and freshwater snails [30] . These works confirm our prediction that sexual and asexual fecundity are similar in benign demographic conditions; however, they do not discriminate whether a species has the same or different fecundity in adverse conditions, and are merely presented as demonstrations of the existence of the twofold cost of sex.
A correct approach to calculating sexual and asexual reproductive success should thus consider the effect of environmental quality on average offspring per female after a change of reproductive strategy in the population.
The "Genetic" Success of the Methods of Reproduction
According to G. Williams, an asexual mother has twice the genetic representation of the sexual in the generation of offspring, as in this case half the alleles are provided by the male ( [3] , p. 8). This is true, yet ultimately, all the male's alleles come from a female. For species that have practiced sexual reproduction for eons, this may involve going far back in time, but not for species with alternation of generations. In these species, an asexual female-the last of the period of asexual reproduction-produces sons and daughters that are genetically equal to her. She obviously trusts that producing males will ensure some genetic-reproductive-and not merely reproductive-success (as in the case of their daughters). Therefore in any population with sexual females, there are males with the capacity to transmit alleles, half of which have been received from other females (from their Figure 2 . Variations in average female offspring due to changes in reproductive strategy. The diagram shows, for populations in balance, the composition and size of different populations over time (histograms) and the average offspring per female (lower charts). (a) Sexual population, in which every female has an average of two descendants per generation; (b) Asexual population, with an average of one descendant per individual; (c) An asexual population changing to sexual, in which the average descendants goes from one individual to two in the first sexual generation; (d) Sexual population changing to asexual, with a reduction by half in the average offspring per female in the first asexual generation. We assume that the reproductive strategy is facultative and that the change in strategy would therefore occur in unison throughout the whole population (triggered by changes in the environment). mothers). It can be deduced from this that the genetic-reproductive success (the ability to transmit alleles to the next generation) of a sexual female is obtained by the sum of the alleles transmitted through her sons and daughters: through her daughters in the first generation and through her sons in the second. This fact complicates the calculation of reproductive success, as the first generation of females is counted as the first generation for the mother, but the second generation for the father.
It is also the case that the paternity success of males is highly unequal from some individuals to others. This phenomenon has been known since the works of Angus Bateman in 1948 [31] , and since then has generated a large body of literature. In recent years studies have been published showing that, contrary to prevailing opinion, competition among females for access to males and selection by males are both more common than previously thought [32] . According to Hadany and Baker [33] , "If males have differential mating success, then the amount of progeny fathered by a successful male offspring can more than compensate for the twofold cost" (Figure 3) . However, these authors do not estimate the reproductive success of the dominant male, but the effect of unequal success on the deleterious mutation load.
Using the terminology of Williams ([3] , p. 8), it can be said that in sexual populations there is a successful male in each generation that (in his territory) greatly multiplies an A m allele (on average in half the females he fecundates). Therefore the size of the harem appears to be a key factor determining which strategy is more advantageous for a female.
A correct approach to calculating sexual and asexual reproductive success should therefore consider male reproductive success (genetic) and unequal paternity success. 
Model and Results of the Comparative Analysis of Reproductive Success of
Sexual and Parthenogenetic Strategies
Approach
The incorporation of the above points to the comparative analysis of reproductive strategies should contribute to developing a model that will allow us to predict the conditions in which one or the other reproductive strategy would be more advantageous, without the problems of the original approach. The model 1) should consider the ability to transmit genes from males, so it needs to cover at least two generations (the reproductive success of a sexual female through her sons is embodied in the grandchildren they can give her).
2) The first generation cannot be sexual, as the male's fecundation involves a phenomenon we want to relegate, for the definition of sexual strategy, to the second generation. 3) Nor will the third generation be sexual, as the males in this generation materialize their reproductive success in the following generation, i.e., the fourth. 4) The model must also take into account the unequal paternity success of males. 5) Furthermore, the number of offspring per female depends to a greater or lesser degree on the density of females in the previous generation based on the quality of the environment. Finally, 6) the changes in reproductive mode occur in unison throughout the population. We propose a scheme based on species with alternation of generations (sexual and asexual) as the ideal experimental system for testing hypotheses on the maintenance of sex [19] . In the transition to sexuality, one parthenogenetic female produces sexual males and females without the help of a male; returning to parthenogenesis, males and females of the sexual generation have offspring exclusively comprising females. We will therefore compare the reproductive success of two females through three generations, one with an asexual-sexual-asexual strategy (Figure 4, left) , and the other completely asexual (Figure 4, right) . (Obviously, in the case of the lineage with sexual generation, we assume that males fertilize females to whom they are unrelated.) Here we understand reproductive success as the capacity to multiply a marked allele A m existing in the founder females. The number of descendants (d) in the first generation is equal for both strategies, with the only obvious exception that sexual offspring is composed equally by females and males. In the second generation of the sexual lineage, however, half the offspring are female, and so their average offspring (d') may be different from the asexual lineage.
Variations in Average Offspring per Female
The relationship between female density in an area and the number of descendants per female in the next generation is evident in populations in balance, in which the average number of descendants per female in an asexual population is one individual, whereas the average in a sexual population is two. Therefore a change in reproductive strategy will mean the average offspring per female is reduced by half when the change is from sexual to asexual, or doubled, if reversed (Figure 2 ). On the other hand, in an environment where resources are not limiting there is no competition for them, and all females regardless of their number will present the maximum fertility for their species.
Parameters
Our model includes the following parameters:
• d (of descendants): the average number of descendants per individual. By descendants we understand the sons and daughters who reach adulthood in the next generation. This therefore corresponds to k·S or number-of-eggs-laid-by-a-female × probability-of-survival-per-egg according to the terminology of Maynard Smith ([2], p. 3). When it is necessary to distinguish two parameters, one for the average sexual offspring of a female and the other for the asexual one, we use d s and d p respectively.
• h (of harem): the average number of females fertilized by the dominant male in the group. We followed the simplest model: i.e., there is only one dominant male for every h male, and that he alone fertilizes h females (always assuming a 50:50 sex ratio). If females have an average of d descendants, the dominant male will have hd descendants, half males and half females. The remaining males, h − 1, do not have offspring. We assume that the size of the harem is intrinsic to each species and independent of environmental conditions. (The model could be improved by incorporating a mathematical curve that describes the distribution of fertilizations of h females among the h males.) • h t : the threshold harem; the harem size for which both reproductive strategies have the same reproductive success. Our model does not take into account the contribution of males in the production of offspring, as this makes the approach simpler and addresses the maintenance of sex in its most difficult version. The maintenance of sex becomes an issue when the reproductive success of the sexual female is less than the asexual female, and the contribution of the males to the breeding tips the balance toward sexuality.
Here we show the model in its discrete form, with only two demographic environments: one in a poor medium (population in balance) and another in a rich medium (population growing rapidly with average offspring per female close to the maximum for the species). This was chosen as it is simpler and sufficiently effective. In Appendix the model is developed on a continuous basis throughout the full range of environmental qualities.
Calculation of Reproductive Success in Reproductive Strategies
The reproductive success of both strategies according to our model is calculated by means of the following scheme ( Figure 5 ), corresponding to the approach explained in Section 2.1:
The population that follows the sexual strategy faces two changes in reproductive strategy. As we have shown in the previous section (Section 2.2. Variations in average offspring per female), average female offspring in the first generation does not change, but now the offspring will consist of 50% males and females. Thus a female will have 0.5d females and 0.5d males in G1. Of these latter we only count one, which will be dominant among h males. All of them-the females and the dominant male-will inherit a hypothetical marked allele. This second sexual generation may already undergo variation in the average offspring per female depending on habitat quality. In poor habitats the average offspring is doubled, while in rich habitats it remains unchanged and close to the maximum offspring per female. In this generation each daughter has only a 50% probability of inheriting the marked allele. The reproductive success of the sexual strategy is obtained by multiplying the offspring of each generation by the probability of the transmission of the marked allele, adding the results of the female and dominant male genealogical lineages (although we know the number of descendants of a couple are either from the female or the male, which is the same amount). Therefore:
Reproductive success-sexual female = 1 2 1
In poor habitats 2 d d ′ = , so that Equation (1) Figure 5 . Scheme for calculating the reproductive success of two parthenogenetic females following two different strategies (Figure 4 ) over three generations. The first has an asexual-sexual-asexual strategy, and the second is entirely asexual. We assume that the reproductive strategy is facultative and changes in unison throughout the population. The number of descendants per female depends on the environmental conditions and the strategy of the previous generation (see Section 2.2).
Here we understand reproductive success as the capacity to multiply a marked allele A m existing in the founder females.
The population that follows the asexual strategy maintains the same average female offspring generation after generation (Figure 2) , so
To calculate the size of the harem that equates the two strategies ( t h or threshold harem) we equalize the equations for each type of reproduction. In demographic conditions and for those species in which the average size of the dominant male's real harem is lower than the calculated t h , parthenogenesis will be advantageous and would therefore lead to a paradox (the real problem of the maintenance of sex). If instead we obtain a value of t h that is matched or exceeded by the majority of the species, sexuality should be the norm.
Results
Case 1. Poor habitats (average offspring per female far from the maximum offspring of the species).
To calculate t h we equate Equation (2) and Equation (4):
The harem size that produces equal sexual and asexual reproductive success is only half the average offspring of the species. For the specific case of sexual populations in balance, in which d = 2, the harem needed consists of one individual: i.e., monogamy equals the reproductive success of the asexual strategy. If there were-and we know there is-unequal paternity success, the sexual strategy would have greater reproductive success. This result explains why the vast majority of higher organisms use the sexual strategy.
Case 2. Rich habitats (average offspring per female almost attains or is at the maximum for the species).
To calculate t h we equate Equation (3) and Equation (4):
The harem size that produces equal sexual and asexual reproductive success is 1.5 times the maximum offspring of the species. A population growing at its maximum growth rate would therefore have a high threshold harem, higher in any case than the real average harem. This result would explain why asexual strategy is advantageous in virgin habitats.
Solution for the Full Range of Habitat Qualities
The calculation of the threshold harem for the full range of habitat qualities is more complicated and is shown in Appendix (Continuous Calculation of Reproductive Success). It is based on the relationship habitat quality/ offspring per female in the shape of a saturation curve, logical relationship and with sufficient empirical support.
The formula deduced in Appendix is as follows:
where M is the maximum offspring of the species (the result of maximum fertility and minimum mortality), which is equal to parthenogenetic and sexual females.
We can now calculate a table of values taken by h threshold as a function of M and d ( Table 1) : It can be seen that in populations in balance with sexual reproduction-where d = 2-the threshold harem is practically one individual: i.e., monogamy equals the reproductive success of the asexual strategy. Conversely, in rapidly-growing populations the threshold harem is very high and may exceed the real harem of the species, thus making the asexual strategy advantageous. 
Verifying the Correspondence of the Model with Observations in Nature

Prevalence of the Sexual Strategy
Sexual reproduction is used at least occasionally by the vast majority of eukaryotes. Among the known animal species, only ~0.1% is considered completely asexual [34] . According to our results, the sexual strategy is advantageous in poor habitats (=populations in balance) if the average harem of the dominant male is higher than half the average female offspring. The average offspring per female is d = 2 in populations with a demographic balance, thus the threshold harem is only one female, as seen above. In a recent paper, Michael J. Wade and Stephen M. Shuster [35] collected 26 published papers on harem size in 20 species, including crustaceans, insects, amphibians, reptiles, birds and mammals, with values ranging from a minimum of 1.4 (approximately) in humans up to 6.75 in the African lion (Panthera leo). In these species, and provided the population is close to the balanced situation, the sexual strategy is more efficient than the asexual.
Cyclical Parthenogenesis
There are few experimental systems that allow tests of short-and long-term hypotheses on the maintenance of sex. Among these, organisms such as aphids that are capable of both sexual and asexual reproduction are of special interest because they allow a direct assessment of the costs and benefits of sex versus asex [19] . Like other sexual organisms, aphids theoretically have at least a twofold reproductive disadvantage over asexuals every annual cycle [36] [37]. The cost of sex in aphids increases greatly in excess of the standard twofold cost because several asexual generations are produced for each sexual generation [37] . The paradox of sex (the prevalence of cyclical over obligate parthenogenesis) thus seems to be even more marked in aphids than in most other organisms [19] . The typical aphid reproductive mode indeed involves a succession of usually numerous parthenogenetic generations, followed by a single sexual one within the annual life cycle [19] [38] . This reproductive system is also known as cyclical parthenogenesis in animals, and is found in other invertebrates such as cynipid wasps, midges, water fleas (Daphnia) and a wide range of trematodes [39] . The asexual phase of aphids occurs during the growing season (spring and summer) and up to 20 asexual generations can be produced if climatic conditions are favorable. The annual population curve (see e.g. [40] ) clearly shows a period of exponential population growth, coinciding with the period of abundance of resources caused by the opening of buds and the longitudinal growth of new branches, followed by a halt and a sharp decline in population in late summer, when there is practically no food in the plants on which these populations feed (Figure 6 ). According to our results, during the exponential Figure 6 . Typical annual curve of the aphid population with exponential growth in spring and summer, and final collapse (continuous black line). Data are fictitious and similar to those shown in the work of F. J. Hills [40] . The population growth rate, assuming that a generation lasts a month, is shown by the dashed black line. The resulting threshold harem, calculated using Equation (12) and assuming a maximum offspring of the species M = 10, is shown by the dashed gray line. For a species with an average harem of three females, the best reproductive strategy is shown in the lower bar.
growth phase the asexual strategy will be advantageous if the dominant male's harem is less than 1.5 times the average offspring of a female; this offspring is equal to the rate of population growth in the case of asexual populations. An asexual population growing at a rate of 5 or 10 per generation would have a threshold harem of 7.5 and 15, respectively, which would be unlikely (but verifiable). In late summer, however, the average asexual female offspring becomes 1 (in the case that the population remains stable) or lower (if the population decreases), and as the threshold harem is only half the average offspring, it therefore reaches low and feasible values (one in the stable population, 0.5 in a population that decreases by half per generation). The best strategy is therefore the alternation of generations (Figure 6) .
A particularly interesting question relating to the alternation of generations is the predictability of disturbance or of periods of shortage of resources. It should be recalled that, following our model, the reproductive success of a female with an asexual-sexual-asexual strategy (like aphids) is achieved in the last generation, after the male's unequal fecundation. Furthermore, the last asexual generation prior to the change involves a high rate of population growth; otherwise it would not be asexual. Therefore the change from the asexual to the sexual reproduction mode will only succeed if a female can somehow foresee that the number of her descendants will decrease enough to make the sexual strategy advantageous. In the case of aphids, it is the lack of resources in late summer that imposes a reduction in offspring, apparently triggered by changes in the photoperiod [41] . In Chara canescens (Charales, Charophyceae), a species with sexual and parthenogenetic forms, the sexual forms appear in habitats with a very short growing season and which dry out annually [42] , so that here also the sexual strategy is associated to a periodic and predictable disturbance. If, however, a population regularly faces unpredictable disturbances, after which the habitat again becomes available for the survivors, the best strategy will be permanent parthenogenesis. This may be an explanation for geographical parthenogenesis, as discussed in the following section. 
Geographical Parthenogenesis
Clonally reproducing all-female lineages of plants and animals are often more frequent at higher altitudes, in anthropogenically disturbed environments, at the margins of a species range, on islands versus the mainland, and in successional versus climax communities [5] [43]- [45] . A number of hypotheses have been proposed to explain geographical parthenogenesis (according to [46] ): all-female reproduction provides superior colonizing ability and reproductive assurance [47] [48]; biotic uncertainty favors genotypically diverse sexuals in species-packed central environments [43] [49]; destabilizing hybridization favors displacement of parthenogens from the sexual range [44] [50]; heterozygosity assurance due to cloning favors asexual lineages in subdivided metapopulations [51] [52]; and so forth.
According to our results, asexuality could be observed more frequently in the mentioned environments if conditions were to allow a high rate of population growth. This can happen in two ways: either because the environment is virgin, such as on the edge of a species' range, and perhaps at high altitudes; or because the population suffers periodic (but random) disturbances that drastically reduce their size, as occurs at high altitudes, in habitats disturbed by man, on islands and in successional communities. We have included the condition of randomness in the occurrence of disturbances, because if they were in any way predictable by the population, the sexual strategy would be advantageous in the last (or later) generations before and during the population bottleneck, as we have seen in the previous section.
Sympatric Coexistence of Sexual and Asexual Populations
A particularly interesting case for testing hypotheses about the maintenance of sex is found in aphid species with sexual and asexual populations coexisting in a sympatric way. Perhaps the most widely studied is the pea aphid (Acyrthosiphon pisum), a species in which the mode of reproduction is likely to be adaptative [53] . According to A. Frantz et al. [53] , the investment level in the sexual phase (i.e. the proportion of sexual lineages and the proportion of sexual morphs produced) was higher among host populations originating from annual crops than among the host populations from perennial crops. The fields of annual crops are completely harvested in summer and therefore represent periodically destroyed habitats. Aphid populations living on these crops are subjected to frequent bottlenecks. Conversely, the relatively high temporal stability on perennial crops, cultivated over several years, would allow the maintenance of asexual lineages.
The only explanation for this phenomenon to date is based on one of the genetic advantages indicated for sexual reproduction: the capacity to rapidly combine favorable mutations, which provides sexual lineages with better adaptability to changing environments [54] [55] . According to our results, however, sexual strategy is advantageous when a population approaches or reaches the equilibrium population, and more so in the case of lower growth rates (as in a population bottleneck), such as in populations of pea aphid living in annual crop fields. The asexual strategy could be permanently advantageous if the unequal paternity success is low or-more likely-new virgin environments continuously appear to colonize, such as perennial crops.
Discussion
What Is the Twofold Cost of Sex?
What is the twofold cost of sex? It is the result of a comparative analysis of a quantitative type of reproductive success of two reproductive strategies: anisogamous sex and parthenogenesis. The result of this analysis should be that sexual strategy is advantageous, since we know that evolutionary history begins with asexual reproduction, which gave way to isogamous sex and finally to anisogamous sex in multicellular organisms. However, the result of the original authors' approach is, as we know, that anisogamous sex has a cost. Since the publication of these results, many authors have unsuccessfully attempted to find the advantages of sex that would offset the twofold cost. In our opinion, two strategies should have been initiated simultaneously after the publication of the problem of the twofold cost. The first and most obvious would be to study the advantages of anisogamy versus isogamy in multicellular beings (because we know that sex is mostly isogamous in single-celled organisms). Not only do we know the evolutionary advantage of anisogamy, but also the amount of this advantage. Unfortunately, the hypotheses as to the origin of anisogamy are scarce and the most widely accepted of these ( [18] ) has important basic failures [56] . The second strategy is to reshape the approach to the twofold cost: Is it correct to as-sume that the return to asexuality can be initiated in a single individual and that it requires a mutational origin? Would we obtain the same result if the entire population simultaneously changed its reproduction mode? If the number of descendants is a key factor in the approach, can we deduce some variation in average offspring after a change of reproductive mode in a population? Does habitat quality, through its relationship with average offspring, have an impact on the advantages of one or another reproductive strategy? And with regard to genetic advantages, why is the male's fecundation success not taken into account?
With these questions in mind, we have designed an alternative approach. We are confident that other comparative approaches or schemes can be designed, but we believe they will be more mathematically complex and less elegant than our own. The starting and end points are the same for both reproductive strategies: they both begin with the offspring produced by a parthenogenetic female, and end in a generation also composed exclusively of parthenogenetic females. The calculation of reproductive success simply counts the number of copies that have, in the last generation, a hypothetical marked allele carried by each of the founder females. We cannot conceive of a more elegant, simple and powerful approach.
Variation in the Number of Descendants Due to the Change in Reproduction Mode
Justification
The variation in the number of descendants due to the change in the mode of reproduction in a population has been overlooked so far in all works on the twofold cost of sex. During the review process of this work by other authors we have found this phenomenon to be difficult to understand. For some it may therefore require more justification than has been given hitherto.
Let us suppose there is no such effect, and that reproductive strategies have no influence on the average offspring per female. We will consider the change in reproductive strategy in a population in balance, where births and deaths are offset so the population size remains stable, and where the population is also isolated (so we can dispense with immigration and emigration in the population growth formula). a) We start with an asexual population. What is the average offspring per female? One, without a doubt, as we know the population remains stable in number. At one point the population becomes sexual: A parthenogenetic female produces either a sexual female or a male, with a 50% probability in each case. In this second-sexualgeneration, each female again has a single descendant. Now, however, as the males do not have offspring, the population is halved in each generation until it disappears. From the point of view of population ecology this is absurd: If it is the environment that limits the size of the population, why is the population now halved in each generation? Does fertility not increase or mortality decline to ensure the population remains stable? b) Now let us suppose that the initial population is sexual. The average female offspring in this case will be two. The transformation into asexual occurs: each sexual female produces two asexual females. The entire population is already formed by asexual females. As each female still has two descendants on average, the population progressively doubles. As in the previous case, this is absurd from the point of view of population ecology: If it is the environment that limits the size of the population, why has the population now been able to double and grow exponentially? Should fertility not be reduced or mortality increased to ensure the population remains in balance?
We emphasize that the variation in offspring after the reproductive mode change is all that counts for the purposes of reproductive strategies, regardless of whether it is caused by variations in fertility or mortality during development. This can be demonstrated with a different example: the case of a semelparous species with external fertilization and without paternal or maternal care. Males and females come together to mate at the end of their life. They die after spawning and egg fertilization. If, for a male, the fight for females means a cost equal to that of a female to reproduce, this effect ends once the dominant males have fertilized eggs. From there on the eggs themselves face the struggle to reach adulthood. In a stable environment with limited resources, the number of eggs reaching adulthood does not depend on its initial number, but on the capacity of the habitat. This number can be expected to be approximately the same as in the previous generation. If the clutch (counting all individuals) is exceptionally large, there will be a high mortality during development. If it is small, there will be low mortality. The point is that in poor habitats-and generally in habitats where populations are saturated-fertility and mortality during development are related, so the population size remains stable. Regarding the number of descendants: if the population is sexual, each female will have two descendants; if the population is asexual, each female will have one descendant; if the reproductive strategy changes, the offspring per female varies.
Empirical Support
There is an extensive body of literature on the changes in fertility of females in sexual and asexual natural populations. These studies are conducted with asexual and sexual lineages within the same species or with taxa that are phylogenetically very close, and different types of reproduction. The first studies-on varieties derived from parthenogenetic forms with compulsory cyclical parthenogenesis-are more reliable [44] [57] [58] . Table 2 shows the value of the sexual-offspring/asexual-offspring ( ) Bark-beetle Ips acuminatus (Coleoptera) 0.8 [27] Tea-tree stick insect Clitarchus hookeri (Phasmida) ~1 [28] Fish Poeciliopsis monacha in mixed populations 1 [60] Freshwater fish Poecilia formosa (Cyprinodontiformes) 1 [29] Freshwater snail Campeloma limum 1 [61] Freshwater snail Potamopyrgus antipodarum (Gastropoda) 1 [30] Lizard Aspidocelis 1 [62] Water flea Daphnia pulex (Crustacea) 1 [63] Cockroaches >1 [64] [65] Drosophila >1 [66] Insect species >1 [65] Water flea Daphnia pulex (Crustacea) 1 -1.75 [26] Water flea Daphnia pulex (Crustacea) 1 -2 [25] Gecko Heteronotia binoei (Reptilia) 1.4 [67] Salamander Ambystoma jeffersonianum (Lissamphibia, Caudata) 1.5 [68] Flatworm Schmidtea polychroa (Platyhelminthes, Tricladida) 1.6 [69] Water flea Daphnia pulex (Crustacea) 1.6 [70] Oribatid mites (Arachnida, Acari) ±2 [71] Millipedes Nemasoma varicorne (Myriapoda) 2 [72] Fish Poeciliopsis monacha in monocultures 2 -4 [60] Cockroache Nauphoeta cinerea (Dictyoptera) 10 [73] Among those that do, some have been conducted in rich habitats with or without minimal population growth constraints. Similar fertility in sexual and asexual forms was obtained in these cases, as expected if observing the maximum offspring. This occurs for example in the work of Loyning [27] with Ips acuminatus, in which one or two females colonized pine logs, and thus had minimal or no competition for resources (40 eggs/female on average); in the study on stick insects by Morgan-Richards [28] , in which the females are kept alone or with a male for six weeks and the number of eggs laid ranges between 44 and 112; in the study by Schlupp et al. [29] with Poecilia, fed ad libitum in the first experiment and with food supplements in the second; and in the study by Jokela et al. [30] , in which the asexual population is multiplied by 11. These studies confirm our prediction that sexual and asexual fecundity are similar in benign demographic conditions. They obviously do not discriminate whether a species has the same or different fertility in adverse conditions, but are presented merely as demonstrations of the twofold cost of sex.
Much more interesting for our purposes are the works that include benign and adverse conditions. Of particular relevance are the following two studies on Daphnia pulex, as they highlight the different fertility rates in poor habitats and similar rates in rich ones. In the study by Wolinska & Lively [25] , although asexual females have higher fertility than sexual females, asexual specimens were excluded in competition experiments with food shortages. In the study by Innes et al. [26] , similarly fertility was obtained ( )
at low density (i.e., rich habitat) and a 75% higher ( )
sexual fertility at high density (poor habitat).
Unequal Paternity Success
The idea that differential male mating success or harsher selection on males in general may have something to dowith the maintenance of sex is not new, and dates back at least to Trivers [74] [75] . Trivers, however, suggested that sex provided an immediate benefit: females chose males who would give them daughters that were twice as fit as they would obtain if they had mated randomly. If deleterious mutations are the chief source of additive genetic variance in fitness then this idea is untenable, as it requires mutation rates 20 -100 times higher than those observed in nature [76] . Other studies have focused on males and their role in the reduction of mutational load in sexual populations [77] - [80] . Other authors have suggested that differential mating success in males would lead to improved adaptation to a changing environment [81] - [83] .
Conclusions
A correct approach for the calculation of sexual and asexual reproductive success must consider 1) that all individuals in a population have mechanisms regulating their reproductive mode and, when the change occurs, it occurs in unison throughout the population; 2) the effect of environmental quality on average offspring per female after a change of reproductive mode in the population; and 3) the genetic-reproductive success of males and their unequal paternity success.
The results of this approach are:
1) The size of the dominant male harem and the offspring per female are shown to be key variables to determine which reproductive strategy is advantageous. Given that the offspring per female depends on environmental conditions, through the availability of resources for reproduction, the key variables would be the harem and habitat quality. (Although sensu stricto, the harem would be a constant for each species, not a variable.)
2) In populations with a moderate growth rate and a stable or declining population, the sexual strategy is advantageous (the threshold harem is half the average offspring of a female). For the specific case of populations in balance, monogamy equals the reproductive success of asexual reproduction.
3) In populations with a high population growth rate, the asexual strategy becomes advantageous (the threshold harem is 1.5 times the average offspring of a female).
4) In species subject to high demographic fluctuations, the best strategy depends on the ability to predict the time of occurrence of the population bottleneck: if predictable, the best strategy is the alternation of generations, if not, permanent parthenogenesis.
Our approach and mathematical scheme could be improved or extended in several aspects: 1) by incorporating the average and variance of the male fertilizing success; 2) by adding a parameter related to the contribution of males in the production of offspring; and 3) by adding parameters and geographical or territorial effects (dispersion of offspring, reducing the resources available for females for reproduction according to the local density of females, etc.).
Appendix. Continuous Calculation of Reproductive Success
In the main text of this paper we have calculated the sexual and asexual reproductive success in two very different demographic environments: in poor environments and with a population in balance, on the one hand; and virgin habitats or habitats without limitations, with the population growing at the maximum rate of fecundity of the species, on the other. Here we show the continuous calculation across the entire spectrum of environmental qualities.
To do so, we must first elucidate the shape of the curve for habitat quality/offspring per female. Habitat quality, understood as the amount of resources and energy available to females for reproduction, is directly related to fecundity (e.g. [24] ). However, beyond a certain resource level, the fecundity of the females will reach a maximum that is intrinsic to the species, due to the maximum number of ovules, pregnancy or litters a female can have throughout her life. The resulting habitat quality/fecundity curve will be a typical saturation curve, similar to the known saturation-type kinetic model ( Figure A1) . Indeed, there is a vast literature to support the direct relationship between resources and fecundity, as expected in the lowest range of habitat quality: in copepods [83] [85], in birds (clutch size) [86] - [92] , in mammals such as the arctic fox [93] and the arctic squirrel [94] . Furthermore, the saturation curve in the relation between habitat quality/fecundity has been observed in copepod crustaceans [95] , in Daphnia [96] and Paracalanus parvus [97] (the latter two also crustaceans).
Fecundity therefore relates to habitat quality through a saturation curve. Is this also true of the probability of survival of offspring or litter? We have not found any literature on the subject, but logically the answer should be yes. The quality/descendants curve will be the result of the product of two functions, quality/fecundity and quality/survival, which is also a saturation curve.
The resulting curve is defined by three parameters, which are added to our mathematical model: • M : maximum number of descendants of the species (the result of maximum fecundity and minimum mortality), which is equal for parthenogenetic and sexual females.
• q : environmental quality, sensu lato, understood as the set of all the variables that influence the rate of population growth, such as the amount of resources and energy available for reproduction (factors affecting the birth rate) and the probability of reaching adulthood (factors affecting the death rate).
• c : a constant of reproduction, i.e., the value of q for which d is 1 2M (Figure A1 ).
Therefore, we define:
The equations of the average number of descendants of a female, for the second generation after a change of reproductive mode, will be:
For the transition from sexual to asexual reproduction: Figure A1 . Relation between environmental quality, sensu lato, understood as the set of all variables that influence the growth rate of the population, and the number of descendants per female, which follows the saturation curve described in Equation (7), defined using only two variables: the maximum number of descendants of the species (M) and a constant of reproduction (c), which is the value of q for which d is 1/2 of M (M = 20 and c = 5 in this figure). 
As in the calculation of the scheme of reproductive success, d' is the average number of descendants after the change from sexual to asexual reproduction, and is calculated by Equation (9) ( ) d p s → . Now, isolating q in Equation (7) ( )
This first result serves to demonstrate that the average offspring per female is duplicated in a population after the change from sexual to asexual reproduction in poor environments, while remaining unchanged in rich ones (as we have assumed in the discrete calculation method) . We do this by verifying that when d is small, as in poor environments, the term d M tends to 0 and therefore the denominator tends towards 1, so 2 d d ′ → (Figure A2) . By contrast, in rich environments d reaches or equals M . Substituting d by M in the expression above we obtain d d M ′ = = ( Figure A3 ). To calculate the threshold harem, for all environments, we proceed as follows: Equalizing Equation (1) and Equation (4): Figure A1 ). 
